Abstract-In this note we consider consensus protocols where an agent would not be influenced by any of his neighbours singularly taken, but might be sensitive to the simultaneous and coherent influence of two or more of them. This may resemble several common behaviours in social, economic and opinion networks (i.e. conformity, risk aversion, social inertia, herding). We derive novel graph-theoretical concepts to describe and analyze the ability of general networks with joint-agent interactions to converge towards consensus. Interestingly, and for the first time, we borrow to this end the language of Petri Nets as a convenient way to describe bipartite directed graphs, showing how the notion of siphon is helpful in characterizing the flow of information across the network and its ability to induce attainment of consensus among agents in the considered set-up.
I. INTRODUCTION AND MOTIVATIONS
The last decade has witnessed a considerable effort of the scientific community in establishing consensus protocols for multi-agent systems (see i.e. [18] , [9] and references therein). These are distributed algorithms that allow a population of interacting agents to update some internal state-variable or belief so as to converge asymptotically towards a common value which represents a so called consensus equilibrium for the agents' population ( [6] , [7] , [5] ). The seminal paper by Luc Moreau, ( [17] ) has investigated the topological nature of interactions that allow for such a consensus configuration to emerge and proposed requirements on the strength of interactions for this to be the case. In particular, the fundamental insight of Moreau is in proposing a graph theoretical condition that allows the flow of information to spread across the agents population in a way that is necessary and sufficient, within the considered set-up. The original consensus protocol proposed by Moreau is, however, essentially a linear time-varying differential equation. More recently, many results have focused on extending such results to nonlinear scenarios ( [12] ). Many such extensions, indeed, include the original results as special cases.
Recent work has also been devoted to enriching the class of dynamics and behaviours that can be framed within a consensus protocols. For instance, interesting work has been D. Angeli This work was supported in part by the fund for basic research of MIURItalian Ministry for University and Research, and in part by the departmental project "FAIR" developed in the context of extending consensus protocols to nonlinear spaces, i. e. manifolds ( [8] , [14] , [16] ). Another recent research direction, has focused on characterizing necessary and sufficient conditions for consensus under asymmetric confidence intervals, namely intrinsically nonlinear interconnection terms are postulated where influence of an agent over the belief of a neighboor is only active when the opinion of the leader node is higher (respectively lower) than the opinion of the follower ( [15] ). These sort of interactions are then labeled unilateral optimistic and pessimistic interactions. Hereby we are interested in allowing to model the scenario where an individual would not be influenced by any of his neighbours singularly taken, but might be sensitive to the simultaneous and coherent influence of two or more of them. The following situation describes common behaviours in diffusion of innovations in social networks [19] (i.e. conservatism), social influence in opinion dynamics [10] , [1] (i.e. conformity, social inertia, preservation), in economic and financial decision-making [4] (i.e. risk aversion and conformity in herding phenomena). The simplest such situation that we will be able to characterize, and which is to the best of our knowledge outside the scope of current studies on consensus, is that of a leader A 1 which has influence on a follower A 2 . On the other hand, a third agent A 3 would not be influenced by neither A 1 or A 2 unless they both express a consistent influence on him. From the mathematical point of view, this latest form of interaction can be modeled by introducing in the equations a term of type:
where x 1 , x 2 and x 3 are scalar variables encoding the beliefs of agents A 1 , A 2 and A 3 respectively. Notice that f {1,2}→3 can only be positive provided both terms x 1 − x 3 and x 2 − x 3 are positive, and in such cases it will be equal to the smallest of them. Viceversa, it can only be negative when both x 1 − x 3 and x 2 − x 3 are negative. In all other cases it will be zero. A term of this kind in the equation forẋ 3 entails that agent 3, will only upgrade its state provided 1 and 2 exhert a coherent influence on him. This is an interesting notion per se, as it introduces some kind of intrinsically nonlinear dynamics which are not normally allowed by standard consensus protocols, and, even more remarkably, lends itself to situation in which consensus can be achieved more robustly, for instance in the face of exogenous disturbances, faulty or even malicious agents as proposed in [11] . Indeed, a companion paper will be devoted to investigating how to design interaction topologies that lend themselves to powerful notions or robustness specifically designed for consensus protocols. At this level it should be enough to remark that, thanks to the joint-agent nature of interactions, information can only propagate when it is shared coherently by a number of agents at least as high as the multiplicity of the interaction, so that isolated malicious agents will not be effective in perturbing the convergence towards consensus of the remaining ones.
II. GRAPH THEORETICAL PRELIMINARIES Our aim is to derive suitable graph-theoretical concepts to describe and analyze the ability of general networks with joint-agent interactions to converge towards consensus. The simplest instance of a network that, intuitively, may achieve consensus in the presence of at least one joint-agent interaction is informally described in the previous Section and given by the following list of interactions among three agents A 1 , A 2 and A 3 :
Above, "→" implies the ability of the nodes listed to the left (as a formal sum) to influence the node on the right. A more complicated network, comprising n agents A 1 , A 2 , . . . A n could be the following:
This is essentially a ring of agents arranged so that each pair of neighboring ones is able to influence the next in line. Our main result will be a necessary and sufficient criterion for understanding if and when networks such as (2) , and in fact of arbitrary structure, may converge asymptotically towards an equilibrium configuration. For the time being it is worth mentioning that the answer, for the specific network (2), will be yes provided n is an odd number, and no if n is even. In order to state our main criteria we will need to introduce suitable graph theoretical concepts. We borrow, to this end, the language of Petri Nets. Even though we only need Petri Nets as a convenient way to describe bipartite directed graphs, and never as discrete event systems (DES), it turns out that some of the structural properties studied in the context of DES are helpful in classifying the flow of information across the network and its ability to induce attainment of consensus among agents.
An (ordinary) Petri Net is a quadruple {P, T, E I , E O }, where P and T are finite sets (with P ∩ T = ∅) referred to as Places and Transitions, respectively. These are regarded as nodes of a directed bipartite graph. Two types of directed edges are allowed: E I ⊂ T × P connecting transitions to places and E O ⊂ P × T connecting places to transitions. The subscripts refer to the fact that, with respect to places, E I can be seen as input arcs, while E O are output arcs. In our context Places represent agents, while Transitions are modeling interactions among them. In particular, if agents A 1 , . . . , A n+1 are represented by places p 1 , . . . , p n , p n+1 the interaction:
is represented by a single transition t ∈ T , with edges
In particular, every transition can be assumed in our set-up to only afford exactly one outgoing edge. This is not the case in general Petri Nets. As an example we show in Fig. 1 the graphical representation of the Petri Net associated to the list of interactions (1) and (2) (with n = 5) respectively. We emphasize that standard digraphs are, in general, insufficient to characterize the spread of information in networks allowing joint-agent interactions. In fact, allowing an edge between i and j, for all i ∈ I such that I → j, would result in an ambiguous mapping between networks and graphs of influence, as the same graph could also represent (for instance) the network with individual one-to-one influences from all agents in I towards agent j.
The next concepts will be crucial in characterizing, from the topological point of view, networks that guarantee asymptotic convergence towards consensus. The set of input transitions for a place p, is denoted as
and, similarly for a set of places S ⊂ P , its input transitions are:
Simmetrically, output transitions are denoted as:
Definition 1: A non-empty set of places S ⊂ P is called a siphon if I(S) ⊂ O(S). A siphon is minimal if no proper subset is also a siphon. Informally this means that any influence on such agents needs to come (at least in part) from inside the set. Siphons play an important role in the study of deadlocks for discrete-event systems, but have also been studied in the context of nonlinear dynamical systems, for instance in the theory of Chemical Reaction Networks [3] , to investigate "persistence" properties of the network just on the basis of topology, rather than specific values of kinetic parameters. Similarly, in this context, understanding the layout of siphons in a network will play a major role in characterizing its ability to yield consensus.
For intance, in network (1), the set S = {p 1 } is a siphon. This is trivially true as I(p 1 ) = ∅. Notice that S is also a minimal siphon. Moreover, any other siphon includes {p 1 }. Therefore S is the only minimal siphon.
The structure of siphons in example (2) is more complex. Whenever A (i+2)mod5 belongs to a siphon S, either A i or
Fig. 1. Petri Nets associated to network of interactions (1) and (2) A (i+1)mod5 (or both) belong to S. In particular, minimal siphons always include 3 places with gaps in between them of at most one place. As an example {p 1 , p 3 , p 5 } is a minimal siphon and so is {p 2 , p 4 , p 5 } or {p 1 , p 2 , p 4 }. There are a total of 5 minimal siphons for this network. Remark 1: It is worth pointing out that, in traditional consensus protocols, all interactions are of the form A i → A j , that is are assumed to happen between two agents alone, one acting as a leader and one as a follower. Formulating this situation within the Petri Net framework every transition has exactly one incoming and one outgoing edge. Petri Nets of this special kind are also called state machines and, from the topological point of view, are in fact isomorphic to standard directed graphs, with nodes corresponding to places, and arcs (p i , p j ) replacing each transition t and the two linked edges
The definition of siphon boils down, for standard graphs and thanks to the isomorphism described above, to the notion of a set of nodes without exogenous incoming edges. It is intuitive that sets of agents with this property afford some degree of stubborness that, while not incompatible with consensus, may only happen in specific ways so as to prevent multiple opinions to coexist asymptotically. We will make this precise in Section V (see for instance Corollary 1).
III. PROBLEM FORMULATION
We consider in the following nonlinear finite dimensional dynamical systems of the following form:
with state x taking values in R n , and f : R n → R n a locally Lipschitz map. The unique solutions of (4) corresponding to initial condition x(0) = x 0 is denoted as x(t) = ϕ(t, x 0 ). This set of differential equations describes the dynamics of n interacting agents. Ideally one would like to account for time-dependent dynamics, and we believe that our main results might be extended to accordingly. However, this would entail considerable technicalities that might obscure the novelty of the proposed framework. Therefore, for the sake of simplicity, we are going to provide proofs that are based on the machinery of ω-limit sets and time invariance, as this allows for a much more direct analysis. While we do not assume any specific additive structure on f , for the sake of convenience we also assume monotonicity of system (4) 
n).
The system is monotone if:
The monotonicity assumption, while not necessary in general ( [14] ), can simplify the analysis of convergence towards consensus, and is implicitly present in many previous contributions to the study of consensus protocols ([2], [13] ). Moreover, it can be easily checked by making sure that f i (t, x) is non-decreasing with respect to x j for all j = i and all i = 1, . . . , n. Our goal is to identify conditions under which solutions of (4) asymptotically, converge towards equilibriums of the following form:
for somex ∈ R, where 1 is the vector of all ones in R n . When this occurs for all initial conditions we say that system (4) achieves global asymptotic consensus. To this end we formulate the following necessary condition:
Assumption 1: For anyx in R the following condition holds:
f (x1) = 0. (6) Condition (6) ensures that consensus configurations are indeed equilibria for system (4) . In order to make such configurations attractive and stable we need to introduce suitable interactions among the agents. The following notion plays a crucial role in this respect. In order to state it precisely let e I denote the vector of zeroes and ones with support equal to I and, with a slight abuse of notation e j := e {j} .
Definition 2: We say that a (non-empty) set of agents I ⊂ {1, 2, . . . , n} influences agent j / ∈ I, and we denote this by i∈I A i → A j (or I → j, for short) if for all compact intervals K ⊂ R and allx, x j ∈ K there exists a positive definite function ρ, such that
We call this type of interactions joint-agent interactions, as they need, in general, all of the agents in I acting simultaneously and consistently on j in order for the influence to be felt. Notice that, due to monotonicity, it is possible to verify that if I influences j, any supersetĨ ⊇ I does influence j. Because of this, it is enough to focus our attention on minimal joint-agent interactions. We say that the influence between I and j / ∈ I is minimal whenever no proper subset of I influences j. Notice that single agents interactions are always minimal. On the other hand, whenever agent i influences agent j, all sets I containing i also influence j. As a consequence it is convenient, rather than listing all of these as separate joint-agent interactions, to formulate criteria that will only entail properties enforced by the net of minimal interactions. A simple example of time-invariant network involving joint-agents interaction is given below:
Notice that A 1 is a stubborn agent asẋ 1 is zero and is not influenced by other agents' state values. On the other hand, it is easy to see that 1 influences 2 (according to our definition of joint agent interactions), and also {1, 2} influences 3. Moreover, no proper subset of {1, 2} has influence on 3. Therefore equation (1) lists all the minimal influences which can be associated to (8) . Thanks to Definition 2 we may associate to any system as in (4) a Petri Net N = {P, T, E O , E I } with the following definition.
Definition 3: Given a system (4) and its set of minimal joint-agent interactions we construct a Petri Net {P, T, E I , E O } according to the following rules
• Set of places: P = {p 1 , p 2 , . . . , p n }, n being the dimension of x (and total number of agents); • Transitions: T = {t I1,j1 , . . . t Iq,jq } where influence between I k and j k is minimal for all k ∈ 1, . . . , q; • Input arcs: E I = {(t I1,j1 , p j1 ), . . . , (t Iq,jq , p jq )} • Output arcs: E O , of the type (p i , t I k ,j k ) for all i ∈ I k and all k = 1 . . . q We are now ready to formulate our main technical tool for assessing the ability of a network with joint-agent interactions to reach consensus.
Definition 4: We say that a Petri Net fulfils structural consensuability if each pair of siphons S 1 , S 2 have nonempty intersection. Equivalently a Petri Net fulfils structural consensuability if it does not admit two disjoint (minimal) siphons. We show below that, in the case of traditional influence graph (where all interactions are one to one), the notion of structural consensuability is equivalent to existence of a spanningtree. It therefore boils down to the well-known connectivity assumptions pioneered by Luc Moreau and widely adopted in the subsequent literature. The following Lemma is fairly straightforward:
Lemma 1: Consider a Petri Net where for each transition t ∈ T there exist exactly two distinct places p I (t) and p O (t) such that (t, p I ) ∈ E I and (p O , t) ∈ E O (such networks are usually referred to as State Machines). Then, the network can be associated to an influence graph G = {P, E} where E = ∪ t∈T (p O (t), p I (t)). Moreover a set Σ ⊂ P is a minimal siphon of the Petri Net if and only if it is the set of nodes of a strongly connected component of G which has no incoming edges.
Proof: Let Σ ⊂ P be the set of nodes of a strongly connected component of {P, E} without incoming edges. Take any p ∈ Σ. For every transition t, such that (t, p) ∈ E I , there exists a place p O (t), such that (p O (t), t) belongs to E O . Hence (p O (t), p) belongs to E, and because Σ has no incoming edges, p O (t) belongs to Σ. This shows that Σ is a siphon in the Petri Net {P, T, E I , E O }. It is minimal because any proper subset ofΣ of Σ admits (by the strong connectivity assumption) incident arcs that come from outsideΣ and it is therefore not a siphon. Conversely, taken any minimal siphon Σ ⊂ P . Let (q, p) ∈ E be arbitrary and p belong to Σ. Hence there exists a transition t such that (t, p) ∈ E I and (q, t) ∈ E O . Moreover, by definition of siphon and recalling that q is the only transition such that (q, t) belongs to E O , we see that q belongs to Σ. This implies that Σ has no incoming edges in the graph {P, E}. Moreover, by minimality of Σ, every proper subsetΣ is not a siphon and admits a transition t such that p I (t) ∈Σ and
∈Σ. This shows that Σ is strongly connected. Remark 2: By virtue of the Lemma, absence of disjoint minimal siphons in a State-Machine, implies absence of disjoint strongly connected components without incoming edges in the associated graph G. Since, by construction, strongly connected components are always disjoint, whenever distinct, consensuability amounts to the existence of a unique strongly connected component without incoming edges in the influence graph G. This, in turn, is equivalent to existence of a spanning tree in G.
IV. MAIN RESULT
We are now ready to state our main result, whose proof is omitted for space limitations.
Theorem 1: Consider a cooperative system as in (4) and fulfilling Assumption 1. Then a sufficient condition for global asymptotic consensus is that the associated Petri Net N = {P, T, E I , E O } fulfils structural consensuability. We remark that, while the Theorem only emphasizes the role of strucural consensuability as a sufficient condition for consensus, this is tight and in some sense necessary, as will become clearer in the following Section. The validity of the result is validated through Simulations in Section VI. The main technical tool for proving convergence towards asymptotic consensus is the realization that agents which asymptotically achieve the maximum (or the minimum) of opinion values are, by virtue of our set of assumptions, bound to be siphons of the underlying Petri Net. In this respect, as any two siphons share at least one element (by structural consensuability), we see that the maximum and the minimum of opinion values need to coincide asymptotically and this, in turn, implies achievement of global consensus.
V. SIPHONS AND STUBBORN SETS OF AGENTS
We consider next a slightly more specific class of network equations. Restricting the attention to this class will allow to claim necessity of the consensuability conditions stated and also prove additional interesting properties of their dynamics. To start with, for an arbitrary set I ⊂ {1, 2, . . . , n} and for any j / ∈ I one might define the following type of influence term:
This is an interaction influence from agents in I towards agent j, which grows linearly in proportion to the distance of agent j to the convex hull of all agents in I. It is a generalization, for an arbitrary number of agents, of the function f {1,2}→3 previously defined. For convenience of notation, given a transition t ∈ T , we let •t denote the set of agents i (or places) such that (i, t) belongs to E O . Dually, t• denotes the agent j such that (t, j) belongs to E I .
In order to define the class of equations considered, we start from a given Petri Net N g := {P, T, E I , E O } and build the following nonlinear systems of differential equations:
This is a cooperative network, of the kind considered so far. Its generating Petri net coincides with the net associated according to Definition 3 provided only minimal joint-agent interactions are listed in T . If not, the generating Petri Net N g includes the network of minimal joint-agent interactions, and is, in this respect, slightly redundant in encoding the information flow as far as consensuability analysis is concerned. The following proposition is remarkable, and may serve as a starting point for designing networks with prescribed global dynamics, in particular for assigning the value of consensus that the network is allowed to reach under suitable consensuability assumptions. Proposition 1: Let Σ be a siphon of N g (or, equivalently, of the associated minimal network of interactions), then the functions
are, respectively, monotonically non-increasing and nondecreasing. The proof of this result is not included for the sake of space. The following is an easy corollary of the previous Proposition.
Corollary 1: Let σ ∈ R be arbitrary. Assume that all agents i in a siphon Σ are initialized with x i (0) = σ. Then, for all i ∈ Σ and all t ≥ 0, it holds x i (t) = σ.
In the context of opinion dynamics, agents which preserve their initial opinion value and neglect exogenous influences, are usually defined as stubborn. The notion introduced in Corollary 1 is a far-reaching generalization of the concept of stubborn agent, that applies to specific groups of agents depending upon their mutual influence patterns. In particular, siphons of the net, qualify and characterize stubborn groups of agents. Notice that individual agents may not be aware of their being part of a siphon, and therefore of their acting stubbornly, as this is only determined by the global influence patterns of the network, rather than individual predisposition to discard exogenous influences as in the case of traditional stubborn agents. Thanks to Proposition 1 and Theorem 1 we can a priori characterize the set of values allowed for asymptotic consensus.
Theorem 2: Consider a network fulfilling structural consensuability. Then, for all initial conditions x(0), the associated solution x(t) asymptotically converges to some consensus value σ fulfilling:
where the intersection is taken over all (minimal) siphons Σ of the associated Petri Net. It is worth pointing out that the intersection in (11) is always non-empty for a network fulfilling structural consensuability. In fact, pairwise overlapping intervals of the real line always have non-empty intersection.
VI. EXAMPLES
Next we demonstrate our main result when considering a ring of agents with the following dynamics, including bilateral 2-joint interaction term:
(12) where indices are all meant modulus n (number of agents). We initially consider the case of an odd number of agents n = 7. The minimal siphons for the associated Petri Net are listed below: {1, 3, 5, 7}, {1, 3, 5, 6}, {1, 3, 4, 6}, {1, 2, 4, 6}, {7, 2, 4, 6}.
(13) Notice that they all have 4 elements and obviously, in a net with 7 places, have pairwise non-empty intersections. Therefore, the network fulfills structural consensuability. We consider the following initial condition, [20, 1, 18, 2, 16, 3, 14] . Next, for each minimal siphon Σ, we can compute the intervals [x Σ ,x Σ ]. This yields the following intervals (corresponding to the siphons listed in equation (13) ): [14, 20] , [3, 20] , [2, 20] , [1, 20] , [1, 14] .
Notice that such intervals have, as it should be, non-empty intersection, in particular: Consistently with equation (11), we see in numerical simulations (see Fig. 2 ) that consensus is achieved at 14. The latter is a situation where Theorem 1 provides necessary and sufficient conditions for consensuability in the novel setup of joint-agent interactions.
Conversely, consensus is not achieved from every initial condition when a cyclic network is considered for n = 8 Fig. 2 . n = 7: dynamic state evolution and convergence to cluster equilibria Fig. 3 . n = 8: dynamic state evolution and convergence to consensus equilibria ( Fig. 3 for simulations) . In particular, we picked the following initial condition [20, 1, 18, 2, 16, 3, 14, 4] . Notice that, Σ 1 := {1, 3, 5, 7} and Σ 2 := {2, 4, 6, 8} are both siphons of the associated Petri Net. By virtue of Proposition 1 then, min i∈Σ1 x i (t) is a non-decreasing function. In particular, The Proposition, in particular, allows to conclude that consensus cannot be expected from the considered initial condition. Notice that, in agreement with the above inequalities, two clusters are achieved asymptotically exactly at the values 4 and 14.
VII. CONCLUSIONS
A novel type of interactions between agents within a consensus protocols have been introduced, the so called joint-agent interactions. These account for the situation in which an agent is not influenced by any of his neighbours singularly taken, but might be sensitive to coherent influences by two or more of his neighbours. In this respect, graphtheoretical concepts are introduced to analyze the ability of consensus protocols allowing such type of joint agent interactions to converge asymptotically towards an agreement equilibrium. Conditions are written in the language of Petri Nets (treated here as bipartite graphs) and making use of the notion of siphon, a structural invariant which is normally related to deadlock analysis in Discrete Event Systems. A striking feature of the approach is the ability to characterize rather sharply the asymptotic consensus value on the basis of initial conditions and again looking at the maximum and minimum values taken by agents included within each siphon of the network. Simulations examples from a simple ring net (both with an odd and an even number of nodes) have been presented, highlighting their remarkable difference of behaviour exhibited in simulations and correctly predicted by the theory.
